On the space of super maps between smooth supermanifolds by Bonavolontà, G. & Kotov, A.
ar
X
iv
:1
30
4.
03
94
v1
  [
ma
th.
DG
]  
1 A
pr
 20
13
On the space of super maps between smooth
super manifolds
G. Bonavolonta`∗, A. Kotov
Abstract
Mapping spaces of supermanifolds are usually thought as exclusively in func-
torial terms (i.e. trough the Grothendieck functor of points). In this work we
provide a geometric description of such mapping spaces in terms of infinite-
dimensional super-vector bundles.
Keywords : smooth super-manifolds, mapping space of smooth super-
manifolds, jets spaces, global analysis, manifolds of smooth mapping space.
1 Introduction
Let SVectR be the category of super-vector spaces over R with the standard struc-
ture of tensor category and braiding corresponding to the Koszul sign rule conven-
tion (see [10]). The linear algebra in SVectR has two notions of linear operations:
categorical hom, HomSVectR(V,W ) is an ordinary vector space for each couple of
super-vector spaces V,W ∈ SVectR and it consists of all R-linear operators pre-
serving the parity; the inner hom, Hom(V,W ), defined as the adjoint functor to
the tensor bi-functor, which is a super-vector space consisting of all R-linear oper-
ators. The setting change drastically passing to the category of finite dimensional
smooth supermanifold SMan. In notation of [10] each element M ∈ SMan will
be represented by the corresponding locally ringed space (M,OM ). This category
has a natural monoidal category structure, with Cartesian product of two supeman-
ifolds M = (M,OM ),N = (N,ON ) given by the co-product of the corresponding
locally ringed space (see appendix). Analogously to SVectR, there are two notions
of mapping space in SMan: the categorical hom, i.e. morphisms of locally ringed
spaces , still denoted as Hom(M,N) and the inner hom, Hom(M,N) (see appendix,
[10]). However one treats such spaces only as functors, i.e. trough the Grothendieck
∗G. Bonavolonta` thanks the Luxembourgian National Research Fund for support via AFR grant
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functor of points, without spelling out the structure of infinite-dimensional super-
manifolds. Many remarkable attempts to define a category of infinite dimensional
supermanifolds have been performed: [9], [7]-[8]. We intend to suggest a different
approach to the same problem, that up to our opinion has the advantage of being
less abstract and very close to the coordinate view point used in physics for “super-
fields”. Our aim is to describe both mapping space as particular infinite dimensional
super-vector bundle over the infinite dimensional smooth manifold mapping space
C∞(M,N), given by the set of all smooth mappings from M to N according to
[4], [5]. In paragraph §2 the starting point is the classical result known as Batchelor
theorem, which affirms that each smooth supermanifold is non-canonically isomor-
phic to a vector bundle over a classical manifold with an odd fiber. Then we shall
identify any morphism of smooth supermanifolds with a certain bundle map and fi-
nally, by the use of an auxiliary connection, with a morphism of vector bundles. This
proof consists of many steps and some preliminary work on classical jets of a smooth
manifoldM is needed. In paragraph §3 the framework change: we sketchy review the
theory of infinite dimensional smooth manifold following P. Michor ([4], [5]). In fact
it is necessary to recall some general results in the setting of global analysis in order
to describe the infinite dimensional super vector bundle structure of Hom(M,N) and
Hom(M,N). Standing this result SMan will be identified with a full subcategory
of a bigger category containing the aforementioned infinite dimensional super-vector
bundle. Finally the link between our construction and the categorical definition of
Hom(M,N) is discussed.
2 Superfields vs. vector bundles
Notation. We denote with Man the category of finite dimensional smooth mani-
folds. LetM,N ∈Man we denote the mapping space C∞(M,N) with HomMan(M,N)
(or even neglecting Man when it is clear from the context)
Let M be a smooth supermanifold of superdimension (p, q) over a base M . Ac-
cording to the fundamental result of smooth supergeometry [1], there exists a vector
bundle V of rank q over M such that M is diffeomorphic as a supermanifold to
ΠV , that is, to the total space of V with the reversed parity of fibres, the algebra
of functions on which is canonically identified with Γ(Λ•V ∗). In other words, each
supermanifold is diffeomorphic to a bundle over a classical manifold with an odd
fiber. However, a general morphism of supermanifolds f : M → N, which covers a
base map f0 : M → N , is not a bundle map. Later on we shall identify any mor-
phism of smooth supermanifolds with a certain bundle map and then, by the use of
an auxiliary connection, with a morphism of vector bundles. We intend to prove the
following:
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Proposition 1 Let M and N be supermanifolds which are super diffeomorphic to
ΠW and ΠV for vector bundles W → M and V → N . There is a one-to-one non
canonical correspondence between morphisms f ∈ Hom(M,N), which cover a base
map f0 : M → N and sections of even degree of the following super-bundle over M
V˜ := S
(k)
+ (W
∗[1]) ⊗ f∗0 (TN)⊕ S
(k)(W ∗[1])⊗ f∗0 (V [1])

M
(1)
with k the rank of W , S(k)(W ∗[1]) (S
(k)
+ (W
∗[1])) the graded symmetric algebra up
to order k of W ∗[1] (resp. augmented), and f∗0 (TN), f
∗
0 (V [1]) the pull-back bundle
of TN, V [1] along f0.
The graded morphisms, elements of Hom(M,N), are obtained by the last proposition
dropping off the condition about the degree1and considering the projective limit of
algebras.
Proposition 2 The mapping space that to each f0 ∈ Hom(M,N) associates the
space of section of V˜ as in proposition (1), is a locally trivial infinite dimensional
vector bundle over the smooth manifold Hom(M,N) .
2.1 Setup and proof
2.1 Let M be a smooth manifold, OM be the sheaf of local smooth functions on
M . Let Jk(M) be the bundle of k−jets of local smooth functions on M , J kM be the
sheaf of its local sections, and jk : OM → J
k
M the morphism of R−sheaves, which
associates to any (local) smooth function its k−jet. Given any coordinate chart
(U, {xi}), we can identify J kM (U) with C
∞(U) ⊗ R[δx1, . . . , δxn]/mk+1, where δxi
are generators of the polynomial algebra associated to {xi} and m is an ideal of
polynomials vanishing at 0. Then for each smooth h(x) on U one has
jk(h)(x, δx) = h(x+ δx)modmk+1
∼
∑
µ1+...µn≤k
(δx1)µ1 . . . (δxn)µn
µ1! . . . µn!
(∂x1)
µ1 . . . (∂xn)
µnf(x) ,
(2)
where µ = (µ1, . . . , µn) is a multi-index with non-negative integer components. For
simplicity, further we shall use the following compact form for multi-index notations:
∑
µ1+...µn≤k
(δx1)µ1 . . . (δxn)µn
µ1! . . . µn!
(∂x1)
µ1 . . . (∂xn)
µnf(x) =
k∑
|µ|=0
(δx)µ
µ!
∂µxf(x) . (3)
1We will moreover assume V and W Z−graded.
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Let {yi} be another coordinate system, such that yi = f i(x), then the corresponding
change of polynomial generators of J kM(U) over C
∞(U) is
δyi =
(
f i(x+ δx) − f i(x)
)
modmk+1 ∼
k∑
|µ|=1
(δx)µ
µ!
∂µxf
i(x) . (4)
Besides the canonical multiplication on local functions, given by the embedding
ik : f 7→ f ⊗ 1 for each f in OM , the sheaf J
k
M admits the second structure of an
OM−algebra, determined by the embedding j
k.
2.2 These two structures (of ringed spaces over M) have the following clear geo-
metrical meaning (cf. [2], also [3]). Let M ×M be the Cartesian product of two
copies of M with natural projections σ and τ onto the factors:
M ×M
σ
zz✉✉
✉✉
✉✉
✉✉
✉
τ
$$■
■■
■■
■■
■■
M M
(5)
LetM →֒M×M be the diagonal embedding and let mM be the sheaf of local smooth
functions on M ×M vanishing on the diagonal. The coset sheaf OM×M/m
k+1
M can
be thought of as the structure sheaf of the k−th order neighborhood of the diagonal,
denoted asM (k). The restrictions of the projections σ and τ toM (k), which we denote
as σk and τk, respectively, give us the structure of two ringed spaces mentioned above,
such that ik = σ∗k and j
k = τ∗k . Further we shall treat OM×M and its coset sheaves as
sheaves of OM−algebras with respect to the first module structure, unless another
assumption is explicitly stated. Then J kM is isomorphic to OM×M/m
k+1
M .
In fact, in the definition of the k−th order neighborhood one can replace OM×M
with OU˜ , where U˜ is any tubular neighborhood of the diagonal. More precisely,
let r(x, x′) be a smooth function on U × U which represents an element [r] in the
quotient sheaf of algebras (here {x′} are the same coordinates on the copy of U).
Then the image of [r] in J k(U) is
r(x, x+ δx)modmk+1X ∼
k∑
|µ|=0
(δx)µ
µ!
∂µx′r(x, x
′)|x=x′ . (6)
2.3 Given an arbitrary (torsion free) connection ∇ in TM , we can establish a diffeo-
morphism between a neighborhood of the zero section in TM and some U˜ .2 Indeed,
2We use the fact that the normal bundle to the diagonal in M ×M is naturally isomorphic to
TM .
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let z(x, ξ, t) be the solution of the Cauchy problem for geodesic equation with the
initial data (x, ξ) ∈ TM , then the required map is (x, ξ) 7→ (x, z(x, ξ, 1)). The im-
age of the zero section in TM under the map above coincides with the diagonal.
As a simple corollary, the k−th order neighborhood of the diagonal is isomorphic
to the k−th order neighborhood of the zero section in TM , which we denote as
TM (k)0 . More precisely, let {x
i, ξi} and {xi, δxi} be the local coordinates of TM (k)0
and M (k), respectively, which are canonically associated to coordinates {xi} of M ,
and let Γijl(x) be the Christoffel symbols of ∇ in these coordinates. Then, taking
into account the property zi(x, tξ, 1) = zi(x, ξ, t), we obtain the following asymptotic
expansion of zi(x, ξ, 1):
zi(x, ξ, 1) =
k∑
m=0
1
m!
∂mt z
i(x, tξ, 1)|t=0 mod ξ
k+1
=
k∑
m=0
1
m!
∂mt z
i(x, ξ, t)|t=0 mod ξ
k+1
(7)
where by mod ξk+1 we mean the quotient modulo all terms of degree higher than k.
Now we apply the geodesic flow equation for zi(x, ξ, t)
∂2t z
i = −Γijl(z) ∂tz
j∂tz
l (8)
with the initial data
zi(x, ξ, 0) = xi , ∂tz
i(x, ξ, 0) = ξi (9)
to establish the required isomorphism of k−th order neighborhoods (x, ξ) 7→
(x, δx(x, ξ)):
δxi =
(
zi(x, ξ, 1) − xi
)
mod ξk+1 = (10)
= ξi −
1
2
Γijl(x) ξ
jξl +
1
6
(
−∂xsΓ
i
jl(x) + 2Γ
i
ps(x)Γ
p
jl(x)
)
ξsξjξl + . . . .
The structure sheaf of TM (k)0 is canonically isomorphic to S
(k)(T ∗M) where T
∗
M is the
sheaf of smooth sections of the cotangent bundle and S(k)(T ∗M ) is the quotient of
the symmetric algebra of T ∗M generated over OM by the ideal of elements of degree
higher than k. Therefore J kM ≃ S
(k)(T ∗M ) as sheaves of OM−algebras. The next
proposition provides us with an explicit formula for the isomorphism between J kM
and S(k)(T ∗M ) (fixed by a torsion free connection ∇ in TM) which we denote by Φ
k.
Let χk be a derivation of the quotient sheaf S(k)(T ∗M ) determined by the symmetrized
covariant derivative
S∗(T ∗M )
∇
−→ T ∗ ⊗ S∗(T ∗M )→ S
∗+1(T ∗M ) . (11)
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Here the last arrow is the symmetrization map3.
Proposition 3 For any local function h the following identity holds: Φk ◦ jk(h) =
exp(χk)(h).
Proof. Given that the statement, we are going to prove, is coordinately independent,
it is enough to check it in arbitrary local coordinates {xs} for h = xi. In the
associated coordinates {xi, ξi} on TM the derivation χk will have the following
expression:
χ = ξs
∂
∂xs
− Γsjl(x) ξ
jξl
∂
∂ξs
mod ξk+1 , (12)
where Γijk are the Levi-Civita coefficients of ∇. Let {t, z
s, ps, ps2, p
s
3, . . .} be the local
coordinates on the space of jets of parameterized curves in M associated to {xs},
where zs is a copy of xs (used for the convenience), psk corresponds to the k−th
derivative of zs, and ps = ps1. The 2d order geodesic equation (8) will be written as
follows:
ps2 = −Γ
s
jl(z) p
jpl . (13)
Apparently, psk = D
k
t (z
s), where Dt is the total derivative with respect to t. Let us
consider the infinite prolongation of (13) as a subspace in the jet space. The total
derivative is tangent to this subspace. Then pk becomes a function of z and p for
all k ≥ 2, which allows to express Dt in the form
Dt = ∂t + p
s ∂
∂zs
− Γsjl(z) p
jpl
∂
∂ps
. (14)
Using (7), (9) and (14) and taking into account (12), we obtain that
Φk(xi) =
k∑
m=0
1
m!
(
ξs
∂
∂xs
− Γijl(x) ξ
jξl
∂
∂ξs
)m
(xi) mod ξk+1 = exp(χk)(xi) . (15)

2.4 The last result can be generalized to the sheaf of k−jets of sections J k(A) of an
arbitrary sheaf of graded commutative algebras A over OM which is freely generated
by some finitely graded vector bundle V = ⊕j∈ZV
j over M , i.e. A = S∗(V∗), where
V is the sheaf of smooth sections of V .
Proposition 4 The algebras J k(A) and S(k)(T ∗M ) ⊗OM A are isomorphic. The
choice of an isomorphism is uniquely fixed by the choice of a torsion free connection
in TM and a graded connection in V .
3The symmetrized covariant derivative preserves the ideal of symmetric tensors of degree > k,
thus χk is well-defined.
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Proof. One can check that J k(A) is canonically isomorphic to τ∗k (A) such that
jk(s) = τ∗k (s) for any local section s of A, where τk is the second projection of M
(k)
onto M . Taking into account that A is freely generated as a graded commutative
algebra over OM by V
∗ and thus J k(A) is freely generated over Jk by τ
∗
k (V
∗), it
is sufficient to prove that σ∗kV
∗ ≃ τ∗kV
∗ as J k-modules. The last statement is a
corollary of the following fact. Let U˜ be a tubular (geodesic) neighborhood of the
diagonal given by an arbitrary torsion free connection in TM and let σ and τ be the
restrictions to U˜ of the corresponding projections onto M . Let us fix a connection in
V . Then σ∗V and τ∗V are canonically isomorphic over U˜ . Indeed, U˜ is isomorphic
to TM as a bundle over M where the first bundle structure is determined by σ. In
this setting the σ−fibers are not only contractible, but moreover the contraction is
uniquely fixed. This allows to trivialize τ∗V along σ−fibers in the unique way by
use of parallel transport. Finally we apply the same technique as above to pass from
the tabular neighborhood to the k−th order neighborhood of the diagonal. 
Remark 1 This procedure is actually dual to the “quantization” of symbols of dif-
ferential operators by use of connections.
Let us denote by Φk the isomorphism between J k(A) and S(k)(T ∗M )⊗A fixed by a
torsion free connection ∇TM in TM and a vector connection ∇V in V . Let χk be
the mapping determined by the symmetrized covariant derivative S∗(T ∗M ) ⊗ A →
S∗+1(T ∗M )⊗A on the quotient S
(k)(T ∗M )⊗A.
Proposition 5
• The composition Φk ◦ jk : A → S(k)(T ∗M )⊗A coincides with the restriction of
exp(χk).
• Let Φk1 be the isomorphism determined by another couple of connection. Then
there exists a nilpotent automorphism Ψ of the algebra S(k)(T ∗M )⊗S
∗(A) over
OM , such that Φ
k
1 = Ψ ◦ Φ
k.
Proof. The first part of Proposition 5 is a simple generalization of Proposition 3. Let
Φkt , t ∈ [0, 1] be the family of isomorphisms determined by the linear interpolation
between the new and old connections, such that Φkt=1 = Φ
k
1, Φ
k
t=0 = Φ
k. The
variation δk = ∂tχ
k
t can be identified with a section of g
1 where
gr = Sr+1(T ∗M )⊗ TM ⊕ S
r(T ∗M )⊗ End(A) .
Apparently, g+ = ⊕r>1g
r can be viewed as the sheaf of nilpotent derivations of
S(k)(T ∗M )⊗ S
∗(A) over OM , thus δ
k is a nilpotent derivation. Then
Φkt ◦ j
k = exp(χkt ) = exp(χ
k
t ) ◦ exp(−χ
k) ◦ Φk ◦ jk .
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Taking into account that J k(A) is generated by jk(A) over OM , we immediately
obtain that
Φkt =
(
exp(χkt ) ◦ exp(−χ
k)
)
◦ Φk ,
which implies that ∂tΦ
k
t = ψt ◦Ψ
k
t , where
ψt =
1∫
0
exp(τχkt ) ◦ ∂tχ
k
t ◦ exp(−τχ
k
t )dτ =
1∫
0
exp
(
τadχkt
)
(δk)dτ .
It is clear that adχkt
(gr) ⊂ gr+1, therefore ψt ∈ g
+ and hence Φk1 = Ψt=1 ◦Φ
k, where
Ψt is the solution to the Cauchy problem
∂tΨt = ψt ◦Ψt , Ψt=0 = Id .
Given that ψt belongs to the Lie algebra of nilpotent derivations of S
(k)(T ∗M )⊗S
∗(A)
over OM , we deduce that Ψt must be a nilpotent automorphism of the same algebra.
Setting Ψ = Ψt=1 we finalize the proof. 
2.5 LetM and N be supermanifolds which are super diffeomorphic to ΠW and ΠV
for vector bundles W →M and V → N , respectively.
Proposition 6 There exists a one-to-one correspondence between morphisms of su-
permanifolds f : M → N, which cover a base map f0 : M → N , and super bundle
morphisms f˜ : ΠW → Π(τ∗kV ) such that the following diagram becomes commutative
ΠV // N
ΠW
f
::✈✈✈✈✈✈✈✈✈✈
f˜
//

τ∗k(ΠV )
σk

γk
OO
// N (k)
τk
OO
M
f0
// N
(16)
Here τ∗k(ΠV ) is the pull-back of ΠV on N
(k) and γk is the natural projection
τ∗k(ΠV )→ ΠV over τk : N
(k) → N .
Proof. In one direction, we lift f0 to a morphism f
′ : M→ N (as zero onW−fibers).
Let us consider the super morphism f ′ × f : M→ N ×N. By definition, this super
morphism fits to the following commutative diagram:
8
ΠV
ΠW
f
99ssssssssss
f ′×f
//

N ×ΠV
σ

γ
OO
M
f0
// N
(17)
It is clear that N × ΠV is diffeomorphic to Π(τ∗V ), where τ is the projection of
N × N onto the second factor (as before), σ and γ are the projections of N × ΠV
onto N and ΠV , respectively. The proof of Proposition 6 follows from the next
Lemma.
Lemma 1 The image of f ′ × f belongs to Π(τ∗kV ), where k = rkW .
Proof. The proof of the Lemma is a straightforward generalization of the next local
observation. Let us assume for simplicity that V = 0. Then Π(τ∗kV ) is just the kth
order neighborhood of the diagonal M (k) the structure sheaf of which over an open
U ⊂M is the quotient OU×U by the ideals of functions on U × U vanishing on the
diagonal up to the k−th order. We have to show that (f ′ × f)∗(F ) for any such F
is zero. Indeed, if f is given by
xi = f i0(y) +
1
2
∑
a,b
f iab(y)θ
aθb + . . . (18)
where y and θ are local even and odd coordinates of ΠW , respectively, then
(f ′ × f)∗(F )(y, θ) = F (f(y), f(y)) +
1
2
∑
j
∂zjF (f(y), z)|z=f(y)f
j
ab(y)θ
aθb + . . . . (19)
On the other hand (θ)µ = 0 for each multi-index of length greater than k. Therefore,
if F vanishes on the diagonal up to the k−th order its image is identically zero. 
In the opposite direction, the statement is tautologically trivial. 
2.6 As a corollary of Proposition 6 and using Proposition 4 we conclude that mor-
phisms of supermanifolds covering f0 are in one to one correspondence with section
of (1) of even degree.
Thus “superfields”, elements of Hom(M,N), are in one-to-one correspondence
with all sections of (1) where we consider the projective limit over k -i.e. the fields
become graded.4
4Generally, V and W should be also Z−graded.
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3 Global aspects
We sketchy review the theory of infinite-dimensional manifold structure for the map-
ping space HomMan(M,N) following [4], [5]. In particular we review the D-topology
and its refinement D∞-topology, and use it to recall that Hom(M,N) is a smooth
manifold modelled on spaces D(F ) of smooth sections with compact support of vec-
tor bundles F over M . A particular type of infinite-dimensional vector bundle over
Hom(M,N) is introduced. Then the proof of Proposition 2 follows. The last propo-
sition describes the link between the categorical definition of Hom(M,N) and our
construction.
3.7 Topology. For each integer n ∈ N, let Jn(M,N) be the smooth fibre bundle of
n-jets of maps from M to N . For each f ∈ Hom(M,N) let jnf : M → J
n(M,N)
being a smooth section, where jnf(x) is the-n-jet of f at x ∈M .
Definition 1 ([4]) Let K = (Kn), n ∈ N be a fixed sequence of compact subset of
M such that
K0 = ∅, Kn−1 ⊂ K
◦
n, ∀n X =
⋃
n
Kn
(K◦n open interior of Kn). Then consider sequences m = (mn), U = (Un) for n =
0, 1, ... such that mn is non-negative integer and Un is open in J
mn(M,N). For each
such pair (m,U) of sequences define a set O(m,U) ⊂ Hom(M,N)
O(m,U) = {f ∈ Hom(M,N)|jmnf(K◦n) ⊂ Un ∀n ∈ N.}
The D-topology on Hom(M,N) is given by taking all sets O(m,U) as a basis for its
open sets.
The D-topology is finer than the Whitney-C∞ topology (W∞-topology). The W∞-
topology is defined by
W∞ =
∞⋃
k=0
W k,
where each W k has the following properties:
1) A basis for open sets is given by all sets of the form W k(U) = {g ∈
Ck(M,N), jkg(M) ⊆ U}, where U is open in Jk(M,N).
2) If dk is a metric on J
k(M,N)5 (0 ≤ k ≤ ∞) generating the topology, and if
f ∈ Ck(M,N), then the following is a neighborhood basis for f in the W k-topology:
N(f, k, ǫ) := {g ∈ Cr(M,N) : dk(j
kg(x), jkf(x)) < ǫ(x), ∀x ∈M}
5completely metrizable space
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where ǫ ∈ C(M, ]0,∞[).
3)A sequence fn in C
r(M,N) converges to f ∈ Cr(M,N) in W k-topology iff
there exists a compact set K ⊆ M such that fn equals f off K for all but finitely
many n’s and jkfn → j
kf uniformly on K.
At point 2) by the use of the metric dk, the concept of “k-uniform convergence”
has been introduced. Observe that if fn → f in the D-topology then fn → f in the
W -topology, in particular:
Lemma 2 [4] A sequence (fn) ∈ Hom(M,N) converges in the D-topology to f iff
there exists a compact set K ⊂M such that all but a finitely many of the fn’s equal
f off K and jlfn → j
lf uniformly on K, for all l ∈ N.
Definition 2 Let M,N as above, if f, g ∈ Hom(M,N) and the set
{x ∈M f(x) 6= g(x)}
is relatively compact in M , we call f equivalent to g, f ∼ g.
This is clearly an equivalence relation. The D∞-topology on the set Hom(M,N)
is now the weakest among all topologies on Hom(M,N) which are finer than D-
topology and for which all equivalence classes of the above relation are open.
3.8 local model. For each f ∈ Hom(M,N) define Γf ⊂M ×N the graph of f , and
πf : E(f) → Γf the vector bundle over Γf , given by (essentially pullback of the
vector bundle TN along f)
E(f) = ∪MT(x,f(x))({x} ×N) ⊂ TΓf (M ×N)
(with T(x,f(x))({x} × N) = {0}x × Tf(x)(N) and {0}x the zero section of TM over
x). E(f) is a realization of the normal bundle to TΓf (Γf ) in TΓf (M ×N). Now let
expN : V ⊂ T (N)→ N
be exponential map associated to a torsion free connection, defined on a neighbor-
hood V of the zero section in TN . The exponential map gives a diffeomorphism of
E(f) onto an open neighborhood Zf of Γf in M ×N , given by
(0, vx) ∈ E(f)→ (x, exp
N
f(x)(vx)) ∈ Zf ⊂M ×N,
if vx ∈ V . It is clear that ρf : Zf → Γf is a vector bundle with vertical projection
6,
i.e. ρf (x, y) = (x, f(x)) ∀(x, y) ∈ Zf . We will denote with C
∞(Zf ) the set of
6actually it is a tubular neighborhood of Γf in M ×N
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sections of (Zf , ρf ,Γf ). The exponential map gives a fibre preserving diffeomorphism
τf : E(f)→ Zf
E(f)
τf //
pif ""❉
❉❉
❉❉
❉❉
❉
Zf
ρf

Γf .
(20)
For f ∈ Hom(M,N) we define the set Uf given by
Uf = {h ∈ Hom(M,N)|Γh ⊂ Zf , h ∼ f}.
In particular each Uf is open in the D
∞-topology.
In words: h is in the open neighborhood of f iff the corresponding graph Γh is
contained in Zf and f ∼ h according to definition 2.
The space of sections of the vector bundle πf : (Ef )→ Γf , with compact support
endowed with D∞-topology, is a locally convex topological linear space ([4] pag. 57)
. It will be denoted as D(Ef ).
3.9 smoooth structure. We declare Uf being a local chart for f with the coordinate
mapping φf : Uf → D(Ef )
φf (g) = τ
−1
f (x, g(x)) g ∈ Uf , (x, f(x)) ∈ Xf
and ψf : D(Ef )→ Uf defined by
ψf (s)(x) = πN ◦ τf ◦ s(x, f(x)), s ∈ (D(Ef )), x ∈M,
with πN : M × N → N the canonical projection. The maps ψf and φf are inverse
to each other and the chart change for s ∈ φg(Ug ∩ Uf ) is defined by
φf ◦ ψg(s)(x, f(x)) = τ
−1
f ◦ τg ◦ s(x, g(x)).
Theorem 1 [4] Hom(M,N) is a smooth manifold with smooth atlas (Uf , ψf )f∈Hom(M,N).
Another useful theorem is the following
Theorem 2 [6] The infinite dimensional smooth vector bundle THom(M,N) (“tan-
gent bundle of Hom(M,N)”) and the space of sections with compact support of the
pullback vector bundle C∞c (M,f
∗TN), ∀f ∈ Hom(M,N), are canonically isomor-
phic.
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3.10 locally trivial vector bundles. Let (Uf , ψf )f∈Hom(M,N) be an atlas for Hom(M,N).
Smooth curves in Uf ⊂ Hom(M,N) are just the images under ψf of smooth sections
of the bundle pr∗2E(f) → R ×M , pr2 : R ×M → M , which have compact support
in M locally in R.
Let (V, πV ,M) and (W,πW , N) be two smooth vector bundles of finite rank over
M and N respectively. Define (V˜ , π,Hom(M,N)) as the mapping space that to
each f : M → N associates the space of sections C∞(M,V ⊗ f∗W ) restricted to the
graph of f with compact support (endowed with the D∞-topology).
Proposition 7 (V˜ , π,Hom(M,N)) is a smooth vector bundle over Hom(M,N).
Proof. The proof consists in the introduction of a local trivialization for (V˜ , π,Hom(M,N))
adapted to the atlas (Uf , ψf )f∈Hom(M,N). Besides the torsion free connection on N ,
we consider W endowed with a connection, ∇W . For each f ∈ Hom(M,N) con-
sider η ∈ C∞(E(f)) a smooth section with compact support of the pullback bundle
f∗TN , and define the associated curve in Hom(M,N),
γt := ψf (t · η), t ∈ [0, 1] ⊂ Uf ,
γ0 = f, γ1 = g,
with t · η a section of pr∗2E(f) → [0, 1] ×M ⊂ R ×M obtained by fiberwise multi-
plication, i.e. t · η(x) = t(η(x)). The parallel transport P exp(γt,∇W , t) along the
curve γt induces an isomorphism between the spaces of sections C
∞(M,f∗W ) and
C∞(M,g∗W ). Taking into account that the trivialization for V in V˜ is obvious, we
immediately get a trivialization of V˜ over Uf .
Remark 2 The previous result is just a generalization of the following result in
differential geometry; given (V, π,M) a vector bundle over M with connection ∇V ,
and U ⊂ M an open ball in M : parallel transport along rays in U gives a smooth
trivialization of V over U , by identifying the fibres with the parallel transport map.
3.11 Follow the proof of Proposition 2. Let (Uf , ψf )f∈Hom(M,N) be a smooth atlas
for Hom(M,N) as before; for each g ∈ Uf consider the corresponding mapping space
(typical fiber) given by the space of sections of V˜ as in Proposition 6
V˜g = C
∞(M,S
(k)
+ (W
∗[1]) ⊗ g∗(TN)⊕ S(k)(W ∗[1]) ⊗ g∗(V [1])).
Since the hypothesis of Proposition 7 for the data (V˜g∈Uf , (Uf , ψf )f∈Hom(M,N)) are
verified, the result follows. 
3.12
Proposition 8 The categorical property
Hom(Z×M,N) = Hom(Z,Hom(M,N)), ∀Z,M,N ∈ SMan (21)
is verified.
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Proof. Let’s denote with ΠL,ΠW,ΠV three vector-bundles with bases respectively
the smooth manifolds Z,M,N , diffeomorphic to Z,M,N. For the right-hand side
of the previous equality let’s choose a map F ∈ Hom(Z,Hom(M,N)); such a map
locally taking value in a generic open set Uf ⊂ Hom(M,N), consists of a section of
the following bundle
pr∗2E(f)

Z ×M
(22)
with pr2 : Z × M → M the projection in the second element. By the use of
Theorem 2 the tangent bundle to Hom(M,N) is identified with the sections with
compact support of the pullback tangent bundle toN . Applying the same arguments
used in the proof of Proposition 1 we get a one to one correspondence between
Hom(Z,Hom(M,N)) and sections of
{S
(q)
+ (pr
∗
1L
∗[1])⊗ pr∗2(E(f))⊕ S
(q)(pr∗1L
∗[1]) ⊗ pr∗2(V˜f [1])}f∈Hom

Z ×M
(23)
with q the rank of ΠL. For left-hand side of the equality, let’s choose a map G ∈
Hom(Z×M,N) which corresponds to F for the categorical property Hom(Z ×M,N) =
Hom(Z,Hom(M,N)) inMan. Due to Proposition 1, the sections of Hom(Z×M,N)
are in one to one correspondence with the sections of
S
(q)
+ (pr
∗
1L[1])⊗S
(k)
+ (pr
∗
2W [1])⊗G
∗(TN)⊕S(q)(pr∗1L[1])⊗S
(k)(pr∗2W [1])⊗G
∗(V [1])
↓
Z ×M.
(24)
The sections of (24) and (23) coincide by construction.
Addendum. Actually what is crucial in this identification is the fact that the
space of sections of {pr∗2E(f)}f∈Hom(M,N) → Z×M for a given F ∈ Hom(Z,Hom(M,N))
coincides with the space of sections of G∗(TN)→ Z ×M , with F,G related by the
mentioned categorical property. 
4 Appendix
In the category SMan the finite product (×) is defined in the following way:
given M = (M,OM ),N = (N,ON ) ∈ SMan, M × N is the graded-manifold
obtained attaching to each rectangular open set U × V ⊂M ×N the super-algebra
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OM×N (U × V ) := OM (U)⊗̂ON (V ), where OM (U)⊗̂ON (V ) is the completion
7 of
OM0(U)⊗ON0(V ). In particular SMan is a monoidal category, with tensor product
equal to the coproduct of ringed spaces (i.e. ⊗ := ×) and the identity given by
the terminal object R0|0 in SMan, i.e. the locally ringed space with the singleton
{∗} as topological space and R as sheaf. In every closed monoidal category the
internal Hom, for any two objects N ,M, is equipped with the canonical morphism
(evaluation)
evN ,M : Hom(N ,M) ⊗N →M,
which is universal (for every object X and morphism f : X ⊗N →M, there exist
a unique morphism h : X → Hom(N ,M), such that f = evN ,M ◦ (h ⊗ idN )). The
introduction of the morphism ev can be easily understood by the use of the definition
of Hom applied to
Hom(Hom(N ,M)⊗N ,M) = Hom(Hom(N ,M),Hom(N ,M)) (25)
and then considering on the right hand side the identity morphism idHom(N ,M).
Other useful properties of internal Hom-functor of a closed monoidal category are
the isomorphism
Hom(M⊗N ,G) ≃ Hom(M,Hom(N ,G));
the composition of internal homomorphism
Hom(M,N )⊗Hom(N ,K)→ Hom(M,K),
and the product of internal homomorphisms by identities
Hom(M,N )→ Hom(K ⊗M,K ⊗N ).
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